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[. INTRODUCTION

In this paper, we investigate the following nonclassical diffusion equations

ug — Auy — Au+ f(z,u) = g(x), z€ RV, (1.1)

with the initial data
u(z,0) =ug, z€ RV, (1.2)

This equation is a special form of the nonclassical diffusion equation used in fluid mechanics, solid
mechanics and heat conduction theory(see [1,2]). On bounded domains, the long-time behavior have
been discussed by many authors in [3-11].

To our best knowledge, the existence of weak solution in R for the nonclassical diffusion equation
have not been considered by predecessors.

In this paper, we consider the existence of weak solution in H!(RY) if g(x) € L?(RY), and the

nonlinearity f(z,u) = f1(u) + a(z) f2(u) satisfies:

(F1) o |u P =By [ uP< fr(u)(u) <y [u P +0y [ u?, fi(u)u>0,p > 2, and f{(u) = —c;
(F2) oz |u P =Pz < fo(u)(u) < y2 [ u|P +02,p > 2, and fy(u) = —¢

and

(A) a € LY(RN)N L>®(RY), a(x) > 0.

where «y, B;, Vi, i, 1 = 1,2, and ¢ are all positive constants.
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1. UNIQUE WEAK SOLUTION

Lemma 2.1 ([11]) Let X CC H CY be Banach spaces, with X reflexive. Suppose that u,, is a sequence
that is uniformly bounded in L*(0,T; X ), and du,, /dt is uniformly bounded in LP(0,T;Y'), for somep > 1.

Then there is a subsequence that converges strongly in L*(0,T; H).

Theorem 2.1 Assume (Fy), (Fz) and (A) are satisfied. Then for any T > 0 and ug € H*(RY), there is
a unique solution u of (1.1) — (1.2) such that

we CH([0,T]; H'(RY)) N LP(0,T; LP(RY)).
Moreover, the solution continuously depends on the initial data.
Proof We divide into three steps:

Step 1 For any n € N, we consider the existence of the weak solution for the following problem in

B(0,n) £ B, C RV,

us — Aup — Au+ f(x,u) = g(x), x € By, (2.1)
u(z,0) = ug € HY(B,,). (2.2)
u o= 0. (2.3)

Choose a smooth function x,(z) satisfy

Xn(T) = (2.4)

Since B,, is a bounded domain, so the existence and uniqueness of solutions can be obtained by the

standard Faedo-Galerkin methods, see [3,5,8,11], we have the unique weak solution
u, € CH([0,T); H'(B,)) N LP(0,T; LP(B,)) and u,(x,0) = Xn(x)uo(x).

Step 2 According to Step 1, and we denote %un = Unt, then u, satisfy

Unt — Aupy — Auy + f(2,un) = g(z), = € By, (2.5)
un (2, 0) = Xn(2)uo(z), (2.6)
U |op,= 0. (2.7)
For the mathematical setting of the problem, we denote || - |lrzg 0=l - llB.s | - lzieny =l - 11
I M2y =21 M 1 e ey =]+ lloo-

Multiply (2.5) by u,, in By, using fi(u)u > 0, (F3) and (A), we have

1d
SV 3, Hunl )+ 1 Van 5, < [ a8 —az [u)e+ [ guads
22
< Bolla@ i - [ asate) fulr e LD S,

By the Poincaré inequality, for some v > 0, we have

1d
531 Ven 5, +lunls,) + vl Vun B, +lualz,) + / asa(z) |u |7 dx

n
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Hence, we have

T T
| Vun(T) I3, +lun(T)|3, +2v / U Van(T) B, + Jun(T)3,) +2 / /B aza(z) | u P do

2
< @8 Jla@ h+ 120 (2.9
N We get the following estimate:
otes

sup || Vun(t) I3, +llun(®)ll3, < C, (2.10)

te[0,T)

T

|90 15, +ua @1, < € (2.11)

T
/ / aga(z) |u(t) [P de < C, (2.12)

0 B,

Similar to (2.8), using (F1), (F2) and (A), we have

/)/) )P de < C. (2.13)

where C' is independent on n.

According to (Fy) and (F»), we have
| filun) 1< Cun P71+ | un |)- (2.14)
| folun) |< C(lun P71 +1). (2.15)

We choose ¢ such that 1% + % =1, then (p — 1)q = p. Noting that p > 2, then 1 < ¢ < 2, and we have the

embedding LP(B,,) < L(B,). According to (2.13) — (2.15), we get

/OT/Bn|f1<u>|q < c/OT/Bn<|un|“+|un|>dedt

T T
< C’// |un|(p_1)qudt+0// | wp, |7 dadt
< o// |un|p+C// |y [P dadt
< (2.16)
T
[ ] 1w < c// £ 11 (un 771 1)
0 B,
< Cla(x |q1// V(| wp | PV 1) dadt
< Cla@) i1 (C ) ale) |1+// 2) | un P dedt)
< C. (2.17)
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where C' is independent on n.

Thanks to (2.16)—(2.17), f1(uy) is bounded in LP(0,T; LY(B,,)), and a f3(uy,) is bounded in LP(0,T; LY(B,)).

For Vv € L(0,T; H}(B)),

T T
/ / —Au,v = / / Vu,Vuv
o JB, o JB,

T 1 T 1
< </ ||wnH23n>§</ | Vo |3,)}
0 0
T N T )
< ([ 1vu i Vo)
0 0
< ClVvlluis,) - (2.18)

where C' is independent on n. We can obtain —Au,, is bounded in L?(0,T; H(B,)).

Since g(x) € L*(RY), so
g(x) € L*(0,T; RY). (2.19)

Hence there exists s > 0, such that L2(0,T; H=1(B,,)), L*(0,T; H}(B,)), L4(0,T; LY(B,)),L*(0,T; L*(B,))
are continuous embedding to L2(0,T; H *(B,,)).

According to (2.5), (2.16) — (2.19), we obtain

Unt — Aung € L9(0,T; H=*(B,,)). (2.20)

Hence u,, has a subsequence (we also denote wu,) weak* convergence to u in L?(0,7; H!(B,)) and

L?(0,T; L?(By)), unt — Auy has a subsequence (we also denote wu,; — Au,;) weak* convergence to
ur — Auy. Let u, = 0 outside of B,,, we can extend u,, to RY.

As introduced in [3,11], C°(RY) is dense in the dual space of H~'(B,)), L?(B,), LI(B,) and

H~%(B,,), so we can choose ¥ ¢ € L2(0,T;C>*(RN)) N L4(0,T; C>(RY)) as a test function such that
(A, o) — (Au, @) (2.21)
(unt — A, &) — (ug — Auy, @) (2.22)
Since V ¢ € C°(RY), there exists bounded domain Q@ C R such that ¢ = 0, x ¢ Q. Hence u,, is
uniformly bounded in L?(0,T; H}(2)), and w, — Auyy € L9(0,T; H=5(Q)). Since HE(Q) cC L*(Q) C
H~#%(Q), according to lemma 2.1, there is a subsequence w,, (we also denote u,,) that converges strongly
to uwin L2(0,T; L?()).

Using the continuity of f; and fo, we have

(f1(un), @) = {f1(u),¢) (2.23)
(a(2) f2(un), @) = (a(x) f2(u), §) (2.24)

According to (2.21) — (2.24), and let n — oo, we get : ¥V ¢ € L2(0,T;C>(RN)) N L4(0,T; C=(RYN)),
(e — Ay — Au+ f1(u) + a(2) fo(w), 8) = (9(2),9) (2.25)
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Notes

Hence u is the weak solution of (2.1) — (2.3) and satisfy
ue C'([0,T]); H'(RY)) N LP(0,T; LP(RY)).
Step 3 Uniqueness and continuous dependence.
Let ug, vo be in HY(RY), and setting w(t) = u(t) — v(t), we see that w(t) satisfies

— Aw; — Aw + fi(u) — fi(v) + a(x)(falu) — f2(v)) =0, =€ RV, (2.26)

Taking the inner product with w of (2.26), using (F}), (F2) and (A), we obtain

1d
351 Tu P )+ 1 ol < | [ - Awyude | +] [ a@)(faw - L0)uds]
< Ot lalleo) 1w | (2.27)
By the Gronwall Lemma, we get
I V() 12 +Hlw@)* < (Il Vw(0) > +[w(0)]?). (2.28)

This is uniqueness and is continuous dependence on initial conditions.
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